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1. Introduction, summary, and discussion 

Let ^ denote the set of all finite sequences X = {Xi, . . . , Xn) of independent 
zero- mean r.v.'s. For any X = (Xi, . . . , Xn) G ^, let 



Sx:=Xi + ---+Xn. (1) 
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Take any real number p ^ 2 and any positive real numbers A and B. Consider 

n n 

1 1 

n n 

^pXAXB := {X = (Xi, . . . ,X„) e ^- : ^ EXf sc: B, ^ E \X,\p ^ a}, 

1 1 

,^p,A,B := sup{E|^xr: X G ^p,a.b}, 

S'pXAXB '■— SUp{E IS'xT • X G =f"p;^A,sSB}- 

Rosenthal [17] showed that 

^p;A,B^Cp{A + B), 

with Cp = 2P . For subsequent developments, see e.g. [8, Sections 4 and 5], [9], 
[6], and references therein. 

Using Jensen's inequality and homogeneity, it is easy to see that 

S'p.'^AXB — <^p:A,B- 

This in turn implies (cf. [6]) that the problem of finding <Sp[A,B) is equivalent 
to that of finding, for an arbitrary balancing parameter 7 G (0,oo), the best 
constant Cp^~f in the inequality 

E|^xr«;Cp,^max(7PA,B) 

for all X G S^A,B- Indeed, 

Cp,^ = 4,(1/7,1) and Sp{A,B)^BPCp^B/A- 

For any real A > 0, let 11^ denote a r.v. with the Poisson distribution with 
parameter A, and then introduce the corresponding centered r.v. 

Ha := Ha - A. 

Using Theorem 4 by Utev [18], Bestsennaya and Utev [1] showed that for 
p = 4,6,... 

4,;A,B = CPE|^A|^ (2) 



where 



■ p ^P ■ Ap 1 

A :=Ap(A,B):= (-)""' and c := Cp(^, S) := ( — V"' 



^j — —-py^^,-J-=[^j 

Obviously, if p is an even natural number, then the absolute pth moment E \X\p 
of a r.v. X is the same as its pth moment E X^. This fact allows the proof in [1] 
to be based on the well-known representation of moments in terms of cumulants 
and the log-convexity of L |x|''G(da;) in r > 0, for any nonnegativc measure G. 
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Under the additional restriction that the X^'s be symnictricahy distributed, 
exact Rosenthal-type inequalities were obtained in [4,5]. 
Take any r.v. X such that 

EX = and Ee^l-^l < oo (3) 

for some real c > and consider 

^p-X;A,B := ] X e ^p-A,B '■ X is independent of X >, 

^p;XXAXB := ] X G ^pXAXB '■ X is independent of X >. 

The main result of the present paper is 
Theorem 1.1. Suppose that p ^ 5. Then 

sup E\X + Sx\^^ sup E\X + Sy:\P 

= sup{E|X + cinAi -csnAaT: (ci,C2,Ai,A2) e (0,oo)^; 

c?Ai + cjX2 = B, cf Ai + cf A2 = A; (4) 
X,Il\j^,Il\2 are independent}. 

Remark 1.2. It is of substantial interest to obtain exact Rosenthal-type in- 
equalities for moment functions more general than the function \ ■ \p used in 
Theorem 1.1; cf. e.g. [3,4]. In fact, one can indeed easily extend the result of 
Theorem 1.1 to the class of all moment functions of the form 

XI — > / {a + xY_^_ i'i{dr X da) + / {a — xY_^i'2{dr x da), (5) 

J[5,p]x[0,oo) J[5,p]x[Q,oo) 

where vi and 1^2 a-re any nonnegative Borel measures on the set [5,p] x [0,oo) 
such that the resulting moment function is real-valued; of course, the moment 
function x M- |x|^( = x^ + (—x)^) is just one member of this class; as usual, we 
let x+ :— OV X and x"^ :— {x+)^ for all real x and all real r > 0. To sec why this 
extension of Theorem 1.1 is valid, one needs to look at the place in the proof 
of the theorem that imposes the narrowest restriction on the moment function 
- and that is the inequality g'^'^\su) - uP-^g^^\s) > for u g (0, 1) in (74). 
The class of functions given by (5) may be compared with classes of moment 
functions considered e.g. in [7,10,12]. 

2. Proof of Theorem 1.1 

2.1. Domination by the accompanying compound Poisson 
distribution 

Theorem A. Let / : M — > M be any twice continuously differ entiahle function 
such that f and f" are convex. Let G is any finite nonnegative Borel measure 
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on R such that G{{0}) ~ and Jjg^xG{dx) = 0, and then let Xq be any r.v. 
with the characteristic function t i— > exp L(e'*^ — l)G(da::). Then 

sup{E/(^x): Xe^,Gx = G} = E/(Xg), 

where S'x is as in (1) and Gx is the "sum of the tails" measure defined by 

G^iE):=J2PiX.eE\{0}) 

for all Borel subsets E of R. In particular, for all .t G R and all real p ^ 3 

sup{E IS'x - x|P : X e jr, Gx = G} = E \Xg - x|p, 
sup{E(S'x - a;)^ : X e J:", Gy. = G] = £{Xg - x)\. 

Theorem A is essentially the same as the mentioned Theorem 4 by Utev [18] 
(cf. [11,14,16]). The assumptions on / in [18, Theorem 4] were slightly different; 
namely, it was assumed there that /" is convex whereas / is nonncgative and 
satisfies a certain limited growth condition, which latter may be dropped, by 
[12, Proposition 1 and Lemma 4], provided that / and /" arc convex, as in 
Theorem A. 

Remark. If a r.v. X has a finite expectation and a function / : R — > R is convex, 
then, by Jensen's inequality, E/(A') always exists in (—00,00]. 

2.2. Zero-mean truncation of zero-mean r.v.'s 

Proposition 2.1. Let Y be any zero-mean r.v. Then for any real M > there 
is a r.v. Ym with the following properties: 

(i) EFm-O; 
(ii) \Ym\^MA\Y\; 
(Hi) Ym — > Y almost surely (a.s.) as Af — > 00. 

This follows immediately from [13, Proposition 3.15] on letting 

YM:=Yl{\Y\ii,M,\v{Y,U)\ sC A/}, 

where U any r.v. which is independent oiY and uniformly distributed on the unit 
interval [0, 1], whereas r stands for the reciprocating function of (the distribution 
of) the r.v. F, in accordance with the definition [13, (2.6)]; note that, by [13, 
Proposition 3.6], ]r(y, [/)] < 00 a.s. The r.v. C/, which may be referred to as a 
randomizing r.v., is used to split atoms of the distribution of Y , as such splitting 
may be needed to satisfy the condition E Ym = 0. 

2. 3. A calculus of variations of generalized moments of infinitely 
divisible distributions with respect to variations of the Levy 
characteristics 

Take any finite nonnegative Borel measure G on R with a finite value of 

niG := / uG{du)\ 
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at that neither one of the conditions G({0}) = or Jjg^xG{dx) = 0, used in 
Theorem A, is required. Introduce the corresponding Borel probability measure 
/zg on M. by the condition 

/ M/iG = e-<^W V ^ I h{u~mG)G*\<lu) (6) 

for all functions /i: M ^- C that arc nonncgativc or bounded, where G*^ is the 
j-fold convolution of G. with G*° defined of course as the Dirac measure at 0. 
Then jig is the probability distribution of any r.v. Xq such that 

E e**-^« = cxp / (e**^ - 1 - itx)G{Ax) (7) 

JR 

for all t e M; to check this, substitute the function x i-?> e'*^ for h in (6). Clearly, 
this definition of Xq is in agreement with that in Theorem A, where it was 
additionally assumed that G({0}) = and ^^xG{dx) = 0. 

Lemma 2.2. Let /: M — > M he any continuously differ entiahle function such 
that 

\f{x)\ + \nx)\ ^ Ge^l-l (8) 

for some positive real numbers G and c and all x Cz R. Let G be a nonnegative 
Borel measure on M. Let ig be a positive real number and let A be any finite 
signed Borel measure on R such that L |uA(du)| < oo, the measure 

Gt:--G + tA (9) 

is nonnegative for all t G [0,io],' ci'i^d, 

f e"l^lGt(dx) < [/ < cx) (10) 

Jr 

for some real c > and U > and all t G [0, to] (or, equivalently, for t G {0, to]). 
Let 

gt{x):=gf,tix)~Ef{x + XGj^ f f{u + x)tiGAdu) (11) 



for t G [0, io] and a; G M, with 

g ■■= go- 
Then gt{x) is well defined and finite for all t G [0, ig] CL^d a; G M, and 

~lu~ -=1^ 7 = / 5 " -5 -5 M A(du). 12) 

dt t=o+ tio t jjj 

Lemma 2.3. Let /: M — > M be any twice continuously differentiable function 
such that 

\f{x)\ + \nx)\ + \nx)\^Ge^\^\ (13) 
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for some positive real numbers C and c and all x CzM. Then 

= a Ef"(aZ) or, equivalently, — — ~ h^ f"{'^Z) (14) 

dcr o.K'^ ) 

for all real a > 0; here and subsequently, 

Z-7V(0,1). 
The second equality in (14) holds as well for a = in the sense that 
^^^E/(.Z) /(O) 

Of course, one can recognize the heat equation in (14). 
Lemmas 2.2 and 2.3 can be combined into 

Lemma 2.4. Let /: M — > M be any twice continuously differentiable function 
such that (13) holds for some positive real numbers C and c and all x £W. Let G, 
to, A, gt, and g be as in Lemma 2.2. Take any a S [0, oo) and k G {—a^/to, oo). 
Then 



ht{x) ■.= hf.t{x) := Egf.t{x + ZV^^^^^t) =E/(:r + XG, + ZV^^^^^t) 

= / Ef{u + x + Zy/a^ + Kt)nGMu) (15) 
is well defined and finite for all t G [0, to] o.iT-d a; G R, and 

d^ ^^ lim MtM ^ ^h"{0) + f [h{u) - MO) - /^'(O).] A(d.), 

At t=o+ 40 i jb 

(16) 
where 

h := /iQ. 

Lemma 2.4 is reminiscent of the weU-known result on the infinitesimal gen- 
erator of a Levy process but is in a sense more general: 

(i) in contrast with the Levy process case, no semigroup property can be ex- 
ploited in Lemma 2.4; more specifically, the integral in (16) is with respect 
to the directional derivative A of the Levy measure Gt = G + tA rather 
than with respect to the Levy measure G itself - indeed, the Levy process 
case corresponds to the special choice of A = G; 

(ii) in contrast with the growth-and-smoothness condition (13), assumed in 
Lemma 2.4, the moment functions in the domain of the infinitesimal gen- 
erator of a Levy process are usually required to be infinitely smooth and 
vanishing at ±oo together with all the derivatives. 

Proof of Lemma 2.2. To begin, note that mc^ is well defined and finite, by (10); 
in fact, 

max ImcJ = max(|mGo|, |mGt,J) =: m* < cxD. (17) 
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Without loss of generality (w.l.o.g.), to — 1 - sinee A and t in the definition (9) 
of Gt can be replaced by to A and i/io, respectively. Next, by (8) and (10), 



(18) 
for all j' G {0,1,...}; here and elsewhere in this proof, it is assumed that t and 
X are arbitrary points in [0, 1] and M, respectively, unless otherwise stated. So, 
by (11) and (6), 

\gtix)\ ^ C7e^(l-l+™.)+c/ < ^^ (19) 

Introduce 

.g,(a;) := e«'W5t(x) and g(x) := 5o(x) = e«Wg(x). (20) 

Then, again by (11) and (6), 

gt{0) - .9(0) = i?i(t) + R^it) + Rsit), (21) 

where 



Riit) := E ^ / [/(" - "^gJ - /(w - mG)]G*^ (du), 

i?2(t):-E- / /(«-™G)(G:^-G*^)(dK), 
p^ j! Jr 

00 

^3(i) := E - / [/(" - "^gJ - /(« - mG)]{Gl' - G*r){du) 



3=0 
Next, 

mct = mc + t I wA(d?j) 

and hence for all u e M 



t uo 

moreover, 

|/(u-mGj -/(w-mc)! 



fiu-mc) I uA(dw); 



f 



[/'(u-mG-.st/RuA(di;))]d.s / wA(dt;) 



^ / \.f\u-mG-st!^v^[Av))\ds f \vA{dv)\ 
Jo Jr 

(22) 
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for all t £ (0, 1] , the latter inequality following by (8) and (17), since | /jj wA(dw) | = 
\mci — itigI ^ 2?Ti*. So, by dominated convergence (cf. (18) and (19)) and in 
view of (6) and (11), 

liin:^^^-^^! I f{u-mG)G*\Au) f vAidv) 

*iO t ^-^ 7 /in) /lu 

„G(R) /"/'d^p / wA(diO - e^(«) /hg'(0)w]A(dw). 



Further, 

i?2 = R2I + i?22, (24) 



where 



00 
i?2i(t) := E -? / /(«- mG)jt(G*(^"-i) * A)(dM) 

fc=0 ■ •^'^ 
= * E ^ ///(« + «- "^g) G*'^(d«) A(d«) 

= te^(«) / f f{u + v)nGidu)A{dv) 

Jr Jr 

= ie««/g(«)A(dt;), 
i?22(t):=E- / /(«-"^g)E rUMG*(^"-^)*A")(d«), 



J=2 

so that 



^^%^ ^ ^E ^ / 6^^'"'+'"*'^ E fi) (G*''^'^ * |A|")(du) 

^ Ce^'"* expj / e'=l"l(G+ |A|)(du)} s^ C'e'="*+3^ < 00 
for alHe (0,1], by (10). 



(25) 



(26) 
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The term R3 is bounded similarly. Here we recall (22) and write 

l^3(i)| 



i2 



< 



2^ n\ 



1 f l/(" - ™c?t) - f{u - mo) 



i=i 



t 



Y, r.)t"-'iG*^'-''^*\A\*'){du) 



j=o- 



^ 2Cm,e"'"'' J2- ^''"' J2 ( ■) (G*^^^"^ * |Ar)(dw) 



< 



2CTO,e3'="* exp{ / e'=l"l(G' + |A|)(dM)| 5^ 2Cm, 



g3cm.+3(7 ^ ^ 



foralHe (0,1]. 

Collecting now (21), (23), (24), (25), (26), and (27), one finds 



dgtiO) 



dt 



:= lim m^ = ,om I [^(^) _ 5'(0).] A(d.). 



(27) 



(28) 



On the other hand, recalling the definition (20) of gt and writing Gt 

G{R) + /jj A(du), one has 



d<?t(0) 



dt 



dgtiO) 



t=o+ 



dt 



t=0+ 



e-G(R)„^(0) / A{du) 



D 



Therefore, (12) follows from (28). 

Proof of Lemma 2.3. Note that ^(i(p(f)) = (^)2(<^(|)) for all (a,x) € 
(0, 00) X M, where (/3 is the density function of Z; so, in view of (13), 



dEfjaZ) ^ d 
dcr 



da 



/(.)i,(^)d..//W|;(i,(i)|dx 



^//'^>(|:)'(Kf))^"=^//"WKf)''=^ = -^^>^)' 



where we twice integrated by parts. The statement for ct = follows by the 
mean value theorem and dominated convergence. D 

Proof of Lemma 2.4. In this proof, we take (i, s) G (0,io)^ '■= (0,io) x (0,to) 
and X £ R, unless specified otherwise, and, as in the proof of Lemma 2.2, assume 
w.l.o.g. that to = 1. Introduce 



ht.s{x) := Egf-t{x + Z\/a'^ + ks) = gf,;t{^), 
where gf-^t is as in (11) and 



(29) 



fs{x) ■.= Ef{x + Z^a^ + Ks). 



(30) 
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In view of (13) and dominated convergence, 

|/,(x)| + |/^(x)| + |/r(x)KCie^N, (31) 



where Ci := C E e'=^'^'+«l^l < oo. So, by Lemma 2.2 with /,, in place of /, 

^~ht,s{0) = / [htAu) - KsiO) - K ,(0)u]A(du). (32) 

It also follows from (31) that 

\htA^)\ + \KA^)\ ^ Cie^(l-l+'"-)+^ < C30 (33) 

(cf. (19)). On the other hand, by (10), j^ e^^l^l A(da;) < oo. Now (32) implies that 
/it^s(O) is Lipschitz in f, for each s. On the other hand, /it_s(0) is continuous in s, 
for each t (which follows by dominated convergence from (29) and the continuity 
of fs{x) in s, which latter in turn follows by dominated convergence from (30)). 
Being Lipschitz in t and continuous in s, the expression ht^Q) is continuous in 
(i, s) (cf. Minilemma 2.5 below); similarly, this conclusion holds for ht^siu) (for 
each M G R) and also for h'^ ^(0). Now the same conclusion follows for ^ht^Q), 
by (32) and dominated convergence. 

It also follows by (11), (13), and dominated convergence that 



Jr 
for j <E {0, 1,2}, where '^■'•' denotes the jth derivative. This in turn implies 

\gf.Ax)\ + \9'j,dx)\ + Wl.^x)] < Ce^(\^\+rn,)+u 
(cf. (19)). So, by (29), Lemma 2.3, and dominated convergence, 

^/iM(O) = qE9'j,t{zV^' + ns) = f hlM- (34) 

So, by the continuity of ^/it,s(0) in (t, s) and Minilemma 2.5 below, ft.t.s(0) is 
right-differentiable in (i, s) at (0,0). Now Lemma 2.4 follows by (32), (34), and 
the relations ht = ht.t and h = ho = /io,o- D 

Minilemma 2.5. Suppose that a function /: [0,1)^ — > M is continuous, the 
right partial derivative /^(0+, 0) := lima;^o ' exists, the partial deriva- 

tive fy{x, y) := ^/(x, y) exists for (a;, y) e (0, 1)^, and the limit /^(0+, 0+) := 
lirax^yio fyix,y) exists. Then f is right- differentiahle at (0,0) in the sense that 

/(x, y) - /(0, 0) = /; (0+, 0)a; + /;(0+, 0+)j/ + o(x + 2/) 
as x,y I 0. 
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Proof of Minilemma 2.5. By the mean value theorem, for each {x,y) G (0,1)^ 
there exists some 9 ~ O^^y G (0,1) sueh that f{x,y) — f{x,0) = fy{x,Oy)y; 
hence, 

/(x, y) - /(O, 0) = fix, 0) - /(O, 0) + fix, y) ~ fix, 0) 
= f:,iO+,O)x + oix) + f'yix,0y)y 
= /^(0+, 0)x + f'yiO+, 0+)y + oix + y) 

as x, J/ 1 0. n 



2.4- Main propositions in the proof of Theorem 1.1 

Let ^ denote the set of all nonnegative Borel measures on E. Take any real 
numbers p > 3, A > 0, S > 0, and M > and introduce the following subsets 
of the set Jf : 



'^p,A.B:M 



= {He,yf: jHidx) =B,J\x\P-^Hidx)^A}, (35) 

= {He.y^': jHidx) ^B,J\x\P~^Hidx) ^ ^}, (36) 

= {He ^e^.A.B ■■ suppi/ C [-M, M]}, (37) 

= {He .yep.^A.^B ■■ suppH C [-Af, M]}, (38) 



where supp H stands for the support set of the measure H; we also write / for 
/jj. Note that the set J^pXA,^B obviously contains the other three of the above 
four sets. 

Remark 2.6. Given any positive real A, B, and AI, for the condition J^fp_A.B:M 7^ 
to hold it is clearly necessary that 



A s^ BMP- 



(39) 



or, equivalently, B ^ A/MP ^. Therefore, in the statements concerning Jifp^A,B-M, 
let us assume by default that this restriction on A, B, and M holds. 

Next, for any convex function /: R — > R let 



^paMJ) 


= sup{E/(X + yi/) 


H £ J^p,a,b}, 


(40) 


ypxAXBif) 


-SUp{E/(X + yff) 


H e =^,<a,^b}, 


(41) 


'^p,A,B;Mi.f) 


= sup{E/(x + yff) 


H e ^,A,B;m}, 


(42) 


'5^p,i^AXB;Mif) 


= sup{E/(x + yff) 


H e ^pXA,i^B-M} ■• 


(43) 



where X is a r.v. as in (3), Yh is any r.v. which is independent of X and such 
that 

(44) 



„ltYH 



imit) := cxp { - i^ Je2iitx) Hidx)} 



for all real t, and 



e2(w) := 



r(e"'-l-w) if w 7^0, 
i if w = 0. 



(45) 
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Note that EY^ = -VhW = jHidx) < B for all H e Jfp^AXB and hence 
for all H in any one of the sets defined m (35)~(38). Therefore, E|yff| < cx) 
and hence E/(X + Yh) exists in (—00,00] for all H in any one of the sets in 
(35)-(38) and all convex functions / : E — > M. Thus, each of the four suprema 
defined in (40)-(43) is correctly defined. Moreover, one has 

Proposition 2.7. Let /: M ^ K 6e any convex function such that 

\fix)\ s; Ce'^l^l (46) 

for some positive real numbers C and c and all x Cz R. Then the supremum 
'S^pXAXB-.Aiif) "i-s attained. If A ^ BMP~^ (recall Remark 2.6), then the supre- 
mum S^p,A,B;Ai{f) is attained as well. 

Proposition 2.8. Let /; M ^ R 6e any twice continuously differentiahle func- 
tion such that f is convex, f" is strictly convex, and the condition (13) holds. 
Then S^p^A,B:M{f) is nondecreasing in B ^ [A/MP~'^ ,00) for each A e (0, 00) 
and in A £ (0, BM^^^] for each B G (0, 00); in particular, it follows that 

■S^p,A,B-M{f) = '^P,^A,^B:M{f) (47) 

for any positive real A and B such that A ^ BMf^^. 
Take any H^ G J^,^a,B:M such that 

E\X + Yh, r = '^p,a,bm{^ \X + -^ = J?'p,^a,^b;m(E \X + f); (48) 

according to Propositions 2.7 and 2.8, such a measure if* exists. 

Here and in what follows, the r.v.'s entering the same expression are assumed 
to be independent. Thus, the r.v.'s X and Yh, in (48) are assumed to be inde- 
pendent. 

Proposition 2.9. Suppose that p > 5. Then for the support set supp(i7*) of 
the extremal measure Ht, one has 

card ((0, 00) n supp(iJ*)) ^ 1 and card ((-00, 0) n supp(iJ*)) ^ 1, (49) 

where card denotes the cardinality of the set. 

Proposition 2.10. Suppose that p > 4. Then H^{{0}) = 0. 

Proof of Proposition 2.7. Let us only show that •5^p,A,B;M{f) is attained; that 
'5^p,i^A,^B\M is so is shown similarly and even a bit more easily. W.l.o.g. X = 0, 
since (46) holds for the function E /(X + -) in place of /, with the constant factor 
Ci := CEe'^''^' < 00 in place of C. Let [Hm) be a sequence in ■Jfp^A,B-M such 
that E/(Yff^) — >• J^p,A,B:Ai{f)- Because the interval [—M,M] is compact and 
the functions 1 and | • \p~^ are continuous and bounded on [—M, M], w.l.o.g. the 
sequence (i?m) converges weakly to some H^ G '^p,a,B;M, which implies that 
Yff^ — >■ Yh, in distribution, since the function 62, defined in (45), is continuous 
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and bounded on any bounded subset of C. Moreover, by the analytic extension 
of (44), 

Eeosh(fcy//) = ^{cxp{k^ Je2ikx)H{dx)} + cxp {P Je2{~kx) H{dx)}) 

< exp{fc2 e2(|fc|M) B} <oo 

for all real k and all H G ■yt^p,A,B:Mi since the function 62 is increasing on R. So, 
by [2, Theorem 5.4] and in view of (46), 

^p,a,B;m(/) = limE/(y^„) = E/(yffJ. (50) 

m 

D 

Proof of Proposition 2.8. Let us only show that ^p,A,B;Mif) is nondecreasing 
in A and in B; then (47) follows immediately. As in the proof of Proposition 2.7, 
w.l.o.g. X = 0. 

In accordance with (50), take any H^ G '^p,a,B;M such that E/(Yh^J = 
-5^,a,B;m(/)- Then Ht :— H^, + tS^ g =^,yi,B+t;Af for ah real t > 0, where (5„ 
denotes the Dirac probability measure at u. Also, EfiYnt) = Eg{ViZ), where 
g{u) := Ef{YH, + u). So, by Lemma 2.3, the right derivative of E/(Yh'j) in t 
at i = is ^g"{0) = ^ Ef"{YH,) ^ 0, since / is a twice differentiable convex 
function. Therefore, for the lower right derivative of S^p^A,B;M{f) in B one has 

hminf -n,A.B+t;M(/)-^,.AB;M(/) ^.^ .^^ E /(F^J - E /(F^J ^ 

(51) 
which shows that S^p^A,B;M{f) is nondecreasing in B. 

To show that S^p,A,B:M{f) is nondecreasing in A, take any A E {0,BMp~'^); 
cf. (39). Then 

H.,{i-M,M))>0, (52) 

because otherwise supp(iJ*) C {—M, M} and hence A — BM'p~^. 
Now consider the case when 

H,{{-M,M)\{0})>0, 

so that there exists some b G supp(iJ*) n {~M,M) \ {0}. Take now any bo € 
(0, \b\) and define the measures H and G by the conditions 



H{E):^H,{En{-bo,bo)) and G{E) -.^ j \H,{dx), (53) 

JE\{-boM,) ^ 

H,{E) := H{E) + f x^Gidx) (54) 

Then 
yp,A,B:M{f) = E/(rHj = EfiY^+Xa). (55) 



lE\{-boM ^ 

SO that 

//*(^):=iJ(^) + 

for all Borel sets E C R. Then 
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Define the signed measure 

A := As{E) := Ai - A2, (56) 

where 

A^{E) := A,,s{E) ■= ^^ I{M e E} + ^L_± i{_m G E}, (57) 

A^iE) := A^-AE) := ^.., \,^,.. I \ G(dx) (58) 

for any Borel set i; C K and any J e (0, |6|), so that G{\h - (5,6 + 5]) > 0. 
Also, then the measure Gt as m (9) is nonnegative for ah t e [0,to], where 
io := (|6| - 5)2G'([6 - (5, 6 + (5]) . So, by Lemma 2.2, one has (12) with 

/(•):=E/(r^ + .) (59) 

in place of / in the definition (11) oi gt^ so that here gt = gj.^ and 

So, 

limlimiM^il^i/(M 

= lim / \g[u) - .g(0) - <7'(0)«]A,(d«) 
^M + 6 g(A/) - g(0) - g^(0)Af M-6 g(-A/) - g(0) + g'(0)M 

g(6)-g(0)-ff'(0)6 

because /" was assumed strictly convex and hence, by (59) and dominated 
convergence, so is g"(-) = E f'iYj^ + Xq + •)■ 
Now (55), (59), and (60) imply that eventually 

= E/(Xg)<E/(XgJ 

= E/(y^ + XGj = E/(r^j, (61) 

where 

Ht{E) :=: H{E) + I x^Gtidx) ^ H^E) + t j a;2A(dx) 
Je J e 

for all Borel sets £' C M; cf. (53) and (54). In this context, we say that an 

assertion j^ = s^^s^t holds "eventually" if 3(5o G (0,oo) V(5 G (0,(5o) ^t^ e (0,io) 
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Vi e (0,ts)) £/s.t holds; recall here that, in view of the definitions (56), (57), 
(58), and (9), Gt depends not only on t but also on 6. 

On the other hand, for aU t e (0,io) one has J^Ht{dx) = J^H^{dx) + 
tj^x'^ A{dx) = B + tJ^x'^A{dx) = B and J^ \x\P~'^Ht{dx) = A + ta and hence 
Ht £ .^{p, A + ta, B; M), where a := J^\x\PA{dx) ^ {MP-^ - {\b\ + 6)p-^) >0 
for all smah enough 6 > 0. So, by (42), eventually y{p,A + ta,B;M){f) > 
E/(yffJ, whence, by (61), S^{p,-,B;M){f) is increasing in a right neighbor- 
hood of the previously chosen value of A G (0, BMP^^) - in the case when 
H^(^{—AI, M) \ {0}) > 0; recall that, of course, iJ* depends on A. 

The case when H^ ((— Af 7 M) \ {0}) = is considered quite similarly. In this 
case, the condition (78) must hold, in view of (52). So, here one can use 

(i) in place of &; 

(h) E/(y^ + •) in place of / in (59), where Hq is as in (79); 
(iii) Lemma 2.4 (with A = Ai, Ai as in (57), and n = — l) in place of 
Lemma 2.2, 

thus obtaining (60) with in place of h and \g" {Q) in place of ^ JT^ ■ 

We conclude that in the case H^ ((-Af, M) \ {0}) = as weU, ^(p, -,5; M)(/) 
is increasing in a right neighborhood of the value of ^ € (0, BAIP^^). 

Since A was chosen arbitrarily in the interval {0,BMP~^), to complete the 
proof of Proposition 2.8, it remains to note that ^{p, A, B; M){f) is left-upper 
semi-continuous in ^ at A = ^max '■= BMP~'^; that is, 

limsup. Yip, A, B;M){f) < ^(p, A„,ax, S; Af)(/). 

Indeed, take any sequence (A,„) such that A,„ t A,„ax and 

lim .yip,Arn,B;M){f) > y{p,A^-,,^,B-M){f). 

By Proposition 2.7, for each m there is some measure Hm e J^/f{p,Am,B;M) 
such that E/(Yff^J = y{p, Am, B; AI){f). Passing to a subsequence of the 
sequence (Am), w.l.o.g. one may assume that _ff,„ converges weakly on the com- 
pact set [—M, M] to some measure H^,^,. Since the functions 1, | • l''"^, and / are 
continuous, it follows that H^^ e ^(p, ^max, B; AI) and J^{p, Am,B; M)[f) = 
Ef{YH^) — > Ef{YH,,) ^ y{p, Ajnux, B; M){f) as m -> 00, which contradicts 
the assumption on the sequence {Am)- D 

Proof of Proposition 2. 9. To obtain a contradiction, suppose that there exist b 
and 61 such that < 5 < 61 < 00 and {b,bi} C supp(il*). In view of possible 
rescaling (i.e., replacing X, A, B, M, and H^{dx) by X/bi, A/b'^, B/b\, M/bi, 
and -ff*(6i dy)/b\, respectively), w.l.o.g. assume that 61 = 1, so that 

0<6< 1. 

Take any 5o G (0,5) and let the measures H and G be as in (53), so that (54) 
holds and, by Proposition 2.8, 

^pXAXB-M^ \X + r) = E\X + YHj = E\X + Yfi + XgY". (62) 
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Introduce now 



take any 



p— o 

ae(0,l/fc), (64) 



and then also introduce 
e:^a{b-bP-^~{p~2)k), d := l+a{b>'-^ + {p~l)k), and b := l-ka. (65) 

Note that the condition (64) imphes b € (0, 1). Observe also that e = abr(b)/{p— 
3), wherer(6) := p- 3- (p- 2)fe + fe^-^ and r(l) = and r'(6) = -(p-2)(l- 
6^"^) < for b e (0, 1), so that e > 0. Take now any (3 e (0, oo) and let 



e//3, (66) 



so that a > 0. 

Define the signed measure 



A:=Aa,,3,A-:=Ai-A2, (67) 

where 

^^{E) := ^i.a.pAE) := ^ 1{P & E} + j l{b € E}, (68) 

P 

A2(ii;).-A2;..,.,(£;).-- ^(j^_^^^_^^j) + G([i-5,i + <5]) (^^) 

for any Borel set £■ C M. and 5 is any real number in the interval (0, -'^), so 
that the denominators G{\b — 5,b + 5]) and G{[1 — 6,1 + 6]) are strictly positive 
and the intervals \b — 6,b + 6] and [1 — (5, 1 + 5] are disjoint, in view of the 
assumptions {6, &i} C supp(iJ*) and 6i = 1. Define here the measure Gt as in 
(9), but with A as in (67). This measure is nonnegative for all t G [0,to], where 

to := min {^G{[b -6,b + 6]),G{[1 -6,1 + 6])) > 0. 

So, by Lemma 2.2, one has (12) with 

/p(.):=E|X + y^ + .|P (70) 

in place of / in the definition (11) of gt, so that here gt = gfp;t and 

9 = 9fp;0- (71) 

Let now 6^0 and /? J, 0. Then, in view of (66), one has 

^(5(/3)-5(0)-/35'(0))^|5"(0) 
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and hence 

lin.lin.iAfel^i:MM 



= lim / [g{u) - g{0) - .g'(0)^]A,,^.,(d«) 

_„, .W-.(0)-V(0) ,(^(.).,(„,.^,(„)). 

Letting further a ^ and rccaUing the definitions (65) and (63) of e, a, b, k, one 
obtains 

^ := 1 Km lim hm E /p(^gJ - E/,(Xg) 

= ^ ^i?2(3; 1) ^i?i(.9'; 1) - j^R2{9; 6), 

where 

i?,(g;x) := g(.T) - ^ ^^^'^^ ^ ^ f\l - sy g^^+^\xs)ds, 
the jth Maclaurin remainder for g at point x. It foUows that 



2^= / (l-s)i^(p,6,s)ds, 

^0 



where 

1 - 6P-3 



i^(p,6,s) := (1 - s)[g'"{s) - g'"(6s)] + (1 - Xs)g'"is) 



p-3 



= (1 - s)s / g^^\su)du + (1 - 3.s).g"'(s) / w^-^du. 

Jb Jb 

Also, integration by parts gives /q (1— s)(l— 3s)g"'(s)ds = — Jq (1— s)^s(7^^^(s)ds. 
So, 

2^^ f ds f du{l-sfs[g^'^\su)^uP-^g'-^\s)]. (73) 

Jo Jb 

By (71), (70), (11), and (54), 

g{x)^E\W + x\P, 

where W := X+Y^+Xg = X+Yh, ; note that, in view of (3) and (44), E M^ = 
and EW^ > 0, where the latter inequality follows because cardsupp(i?*) ^ 2 
and hence H^ ^ and thus the r.v. Yh, is non-degenerate. So, 

2"^^Z-t - E IH' + .»r-' - E |„V^- + .„r- > (74, 
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for all w e (0, 1) and s > 0. Indeed, introducing ip{u) :— E |wVF + u|^^^ for u e M 
and V > 0, and also recalling the condition p > 5, one see that the function i/j is 
convex, with ^'(0) = and ip"{0) = {p - 4)(p -5)EW^ v^'^ > 0. This implies 
that ipi^) is strictly increasing in m ^ 0, whence the inequality in (74) follows. 
Thus, by (73), Jf > 0. Now (62), (70), and (72) imply that eventually 

^pXAXB;Mi^ \X + -r) = E |X + r^ + Xg\p 

= E/p(Xg)<E/p(XgJ 

= E\X + Yfj + XgA^ = E\X + YhA^, 

where 

Ht{E) :== H{E) + I x^Gtidx) ^ H^E) + t f x2A(dx) (75) 

Je J e 

for all Borel sets £■ C M; cf. (53) and (54). In this context, we say that an 

assertion s/ = .s^a,0,5,t holds "eventually" if 3ao € (0,oo) Va G (0,ao) 3/3q G 

(0,cx)) 3,5a e (0,oo) V/3 G (0,/3,) V,5 G (0,<5a) 3t„,^ G (0,c») Vi G (0,i„,;3) 

■f^a,p,5,t holds; recall here that, in view of the definitions (67), (68), (69), and 

(9), Gt depends, not only on i, but also on a, /3, 5. 

Thus, we obtain a contradiction with the definition of ■^p,^a,^B;M in (43), 

because, as we shall check in moment, Ht G ■yiCp,^A,^B;M eventually. Indeed, by 

(68), (66), (65), and (69), 

/ x^ Ai (dx) = a/3 + a6 = e + a6 

= a{b - feP-i - (p - 2)fc) + (1 - ka){\ + a[hP-^ + {p - l)k]) 
< ab-a{bP-^ + ip-2)k) + 1 + [bP-^ + {p- 2)k]a = ab+l= lim / x2A2(da;), 

so that eventually 

/ Ht{dx) ^ f H^dx) + t f a;2A(dx) < f H^dx) s$ B, 

Js. Jr Jr Jr 

by (75), (67), and (38). 
Next, by (66), 

/ |a;|PAi(dx) = a(3P~^+abP-^ — ^ hbP-^ < abP-^ + 1 = lim / \x\PA2idx), 

(76) 

where the inequality holds eventually, for all small enough a > 0. Indeed, in 
view of (65), this inequality can be rewritten as 

f.,{u) := [1 + (7 + r)u]{l - uY - (1 + 7«) < 0, (77) 

with r := p—1 > 0, u :— ka, and 7 := b^ /k ^ 0. Note that eventually u G (0, 1). 
To verify inequality (77) for such u, note that fj{u) decreases in 7, so that 



losif Pinelis/Best Rosenthal-type bound 19 

w.l.o.g. 7 = 0. The inequality fo{u) < is equivalent to ln(l + 7'u) + 7'ln(l — u) < 
0, which is easy to check for u e (0, 1) by differentiation. Now (76) implies that 
eventually 

/ \x\P-^Ht{dx) = f \x\P-^H,idx)+t [ \x\PA{dx) < [ \x\P^^H,{dx) «: A, 

JR Jr Jr Jr 

again by by (75), (67), and (38). 

Also, the conditions H^, G -^.^a,^B;M, suppH C [—M,M] for all H G 
-^pXAXB^m- {b,bi} C supp(iJ*), and 6i = 1 imply M ^ 1. So, supp(i7t) C 
supp(i/*) U {;3, b} C [— M, M] for all small enough /3, in view of (65). 

By (38), we conclude that indeed Ht € ^p,s^a,!^B;M eventually. Thus, indeed 
the assumption that there exist b and &i such that < 6 < fei < oo and 
{b, bi} C supp(iJ*) leads to a contradiction, which proves the first inequality in 
(49). The second inequality there can be proved quite similarly or, alternatively, 
quickly obtained from the first one by a reflection. D 

Proof of Proposition 2.10. The proof is somewhat similar to that Proposition 2.9. 
Suppose that, to the contrary. 



(J := s/Hjfi) > 0. (78) 

As noted in the proof of Proposition 2.8, necessarily supp(iJ*) \ {0} ^ 0. So, 
in view of possible rescaling and reflection, w.l.o.g. 

1 e supp(iJ*). 

Take any bo E (0, 1) and let the measures H and G be as in (53), so that (54) 
and (62) hold. Consider also the measure Hq defined by the condition 

HoiE):=HiE\{0}) (79) 

for all Borcl sets S C M, so that, by (48) and (78), 

^pXAXB;Mi^ \X + -\P) = E\X + Yh, \p = E\X + Yf^^ + Xg + ctZ\p. (80) 

Take next any /3 € (O, {P^f/iP-^))^ so that 



p 

Introduce then 



G(0,^)C(0,1). 



a := — , a := — ; ^ , and b:—l — £. (81) 

Define the signed measure 

A:=A^,5:=Ai-A2, (82) 
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where 

A,{E) := Au^AE) := ^ ^i^ ^ ^} + ^ ^i'l^ G E} + ^ I{b e E}, (83) 

A(F^■~A ij,.._ G{En[l-d^ + S]) 

A,{E) .- A,,,AE) - G([l-5,l + <5]) ^^^) 

for any Borcl set E CM., and 5 is any positive real number, so that G{[1~ S,l + 
S]) > 0. Take k = — 1 and a as in (78), and then take any 

toe {0,a^ AG{[l-6,l + 6]). 

Then for all t G [0,to] the measure Gt as in (9) but with A as in (82) is 
nonncgative and the condition k e (— cr^/io, oo) in Lemma 2.4 holds. Recall 
now (79) and let 

/p;o(-):=E|x + y^^ + r; (85) 

cf. (70). Then, using fp-Q in place of / in Lemma 2.4, one has 

'i/p;o;0 = g, (86) 

where g is as in (71). It follows by Lemma 2.4 that 



SiO tio t 

= -^ 5"(0) + lim / [g{u) - .g(0) - .g'(0)w]A^,,(d«) 

1 „,,, , 1 g(/3) - g(0) - /?g'(0) , 1 g(~/?) - g(0) + /3g-(0) 
= -2-9 (0)+2 J^ +2 J^ 

+ a^^^^^^^§^^-(.(l)-.(0)-g'(0)). 

Let now /3 J, 0. Then, in view of (81) and because g is differentiable, the difference 
in the second line of the last two-line expression of .if (/3) is 0{e) = 0(/3p~^) = 
o(/3^). The rest of that two-line expression of Jf(/3) can rewritten as 

^ ' s2(l-s)ds / g(4)(sv/3)(l-|z;|)df, 



2 Jo J-i 

whence 



lim lim lim ^^^-"^^^^ + ^^^ ' ^ ^^-"^^^^ + ^^^ 
^^0 .5^0 uo /3"^t/24 

= g(4)(0)=p(p-l)(p-2)(p-3)E|M^r4, 

where W = X + Y^ + Xg + ^'cr, which is clearly a non-degenerate r.v., so that 
E\W\P-^>Q. 
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Now (62) and (85) imply that eventually 

^PXAXB-Mi^ \X + -\p)^E\X + Yi^+Xg\p^E \X + Y^^^ +Xg + <yZ\P 



where 



= Efp;o{XG + ^z) < Efp,o{XG, + zV'y^ - 1) 

^E\X + Yf,^^ + Xg, + Z^/a^-t\P = E\X + Yh, f, 

Ht{E) ■= Ho{E) + (a^ - t) I{0 e E] + ( x^Gt{Ax) 

Je 



= H4E)-tI{0eE}+t I a;2A(d 

Je 



(87) 



E 



for all Borel sets E C R. In this context, we say that an assertion jz/ — £/i3,s,t 
holds "eventually" if 3^o e (0,(^)^/(^-2)) V^ e (0,^o) ^Sp e (0,oo) yS e 
{0,60) 3ts G (0,to) Vi € iO,ts) J2ff3,5,t holds. 

Thus, we obtain a contradiction with the definition of -ypXA.^B-Ai in (43), 
because, as we shall check in moment, Ht G M'p ^a ^^bm eventually. Indeed, by 
(82), (83), (84), and (81), 

lim / x^ A(da;) = a/3 + db - I = \~ ^^ 7 1 < 1, 
so that eventually 

/ Ht{dx) = I H4dx)-t + t I a;2A(da;) < / H^{dx) < B, 

Js. Jm. Js. Jr 

by (87) and (38). 

Next, by (81), 



lim / \x\PA{dx) = af3P-^ + aF-^ - 1 



l-(n-l)£ (p-2)e2 
= {p- 2)e + - 1 = -— '— < 0. 

It follows that that eventually 

f \x\P'^Htidx) = f \x\P-^H4dx)+t f |a;|PA(da;) < f \x\P-^H4dx) sC A, 

Jr Jr Jr Jr 

(89) 

again by by (87) and (38). 

Also, the conditions _ff* e ^/^pXAXB-.m, suppH C [—M,M] for all H G 
=^,^a,s;b;M, and 1 e supp(_ff*) imply M ^ 1. So, swpp{Ht) C supp(i?*) U 
{/3, -/?, 1} C [-M, M] in view of (81) for ah small enough (3. 

By (38); we conclude that indeed Ht G J^^pXAXB;M eventually. Thus, the 
assumption (78) leads to a contradiction. D 
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2. 5. Conclusion of the proof of Theorem 1 . 1 

Take any 

M>{A/BY'^P''^\ (90) 

Denote the last suprcmum in (4) by RHS*, and then let RHSp.A/ and RHS° j^j 
denote the similar suprema with the condition (ci, C2, Ai, A2) G (0, 00)"' replaced 
by (ci,C2,Ai,A2) e [0,M]2 x (0,00)^ and (ci,C2, Ai, A2) e (0,A/)2 x (0,oo)2, 
respectively. In fact, by (3) and dominated convergence, it is easy to see that 
E |X + ciIIai — C2riA2l'' is continuous in (ci, C2, Ai, A2) G [0,oo)^ x (0, 00)^ and 
hence 

R.HSp_7\/ = RHS° j(./ . (91) 

Consider now the case p > 5. Note that any H^, e :^p,a,B;M satisfying the 
conditions (49) and iJ*({0}) = in Propositions 2.9 and 2.10 can be represented 
as c^Ai^d +C2A2(S_C2 &!■ some (ci, C2, Ai, A2) £ [0, Af]^ x (0,oo)^ such that 

c\Xi + c^A2 = B and c\\i + cf A2 = A. (92) 

Moreover, then, by (44), 

Yh, = CiHai - C2nA2, 

where = denotes the equality in distribution. So, by Propositions 2.8, 2.9, 2.10, 
and identity (91), 

^pXAXb-M^ \X + r) = 'S^p.a.bM^ \X + r) ^ RHS;,M (93) 

for any real p > 5. In fact, one can write the equality in place of the inequality 
in (93). However, this equality will not be needed in the current proof. Rather, 
note that (93) holds for p = 5 as well. Take any H £ J^5,a,B;M and any sequence 
(pn) in (5, 00) such that p„ 4. 5 as ri — > cx3. Then |x|^"^^ — > |a;|'''^^ uniformly in 
X e [-M, M] and hence 

|5-2 j 



Jr Jr 

So, by the Fatou lemma, the definition (42) oi ^p,A,B;M{f), and Proposition 2.7, 

E\X + YHf ^ liminf E\X + Ynf" ^ liminf ^p„ a„ b-a/(E \X + f") 

(94) 
= liminfE|X + lff. J^", 

where H^^ is any measure in .^^,a^,B;A/ such that 

E\X + Yh^J"'^ = yp„,A^,B-M{E \X + f") 

- cf. (48). By a compactness argument, w.l.o.g. i/*,„ — > iJ** weakly for some 
measure H,, e Ji^5,A,B;M- Also (cf. (50)), E\X + Yh,JP" -^ E\X + Yh„\^, 
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and so, by (94), E\X + Yh\^ ^ E\X + Yh„ |^ for any H e J^.,a,B;m; that is, 
the supremum o$^5,a,B;m(E \X + -j^) is attained at H„. So, by Proposition 2.10 
(which holds for all p > 4), H„{{0}) = 0. Also, Proposition 2.9 (with p„ and 
An in place of p and A) and the weak convergence H^^n -^ ff** imply that 
card((0,oo) nsupp(i?**)) ^ 1 and card((— oo,0) n supp(i/**)) < 1. Therefore 
and view of (91), one concludes that (93) holds indeed for p = 5 as well. 

Take any X = {Xi, . . . ,Xn) € >^;X;<a,^_b- By Proposition 2.1, for each 
i E {1, . . . , 77.} and each real M > there is a truncated version Xi,M of Xi such 
that 

(i) EX,,M = 0; 

(ii) |X,,mKA/A|X,|; 

(iii) Xi,M -^ Xi a.s. as M — !• cx); 

(iv) Xi,M, ■ ■ ■ , Xn,M are independent. 

Then obviously 

(Xi^M,- ■ ■ ,Xn,M) € ^p:XXAXB- (95) 

Letting now Sm := Xi.m + ■■■ + Xn,M, one also has \X + Sm\p s^ nP-^ {\X\p + 
El \Xi,M\^) ^ nP-i(|X|P + El l^^l^)• So, by dominated convergence, 

EIX + SmI" -^ E\X + S\P. (96) 

A/— )-oo 

On the other hand, by Theorem A (with E |X + -1^ and Xi^M in place of / and 
X,), (7), and (44), 

E\X + Sm\p^E\X + YhJp, (97) 



where 



Hm{E):= / x'y^PiX^.MEdx) 

J E 



for all Borel sets £' C R. It follows from (95) that the measure H^ is in 
'^P,^A,<,B;M- So, by (97) and (93), E|X + Sm\p ^ ^^%,m ^ R-HS,, for each 
M as in (90). Now (96) yields 

E\X + S\P ^ RHS, . (98) 

Thus, the first supremum in (4) is no greater than the third supremum there, 
RHS*. 

To complete the proof of Theorem 1.1, it remains to show that the second 
supremum in (4) is no less than RHS* . This can be done in a rather standard 
manner; cf. e.g. [14,15] or the paragraphs containing formulas (6.1) and (6.2) 
in [8]. Take any p ^ 5. Take any (ci, C2, Ai, A2) G (0, 00)'' such that 

CiAi + C2A2 = B and c^Ai + c^M = A. (99) 

For each natural n and all j e {1, . . . , n}, let 

Z3,n-^W,,n~^W,,n. (100) 
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where the Wj^n^s are i.i.d. r.v.'s which are independent of X and have the char- 
acteristic function 

t^l + K^^ (e^-^-^i* - 1) + if (e-^-^"^^* - 1)), (101) 

where in turn k„ and 7„ are positive real numbers, which will be specified a bit 
later; at this point, let us only assume that Kn < n/{\i + A2) for all n - so that 
(101) indeed defines a characteristic function. Then 

n 

1 

where 

2 

Fr(a, K,7) :=K7''^AA;|cfe - (ciAi - C2\2)na\' 

k=l 

+ (1 - (Ai + X2)Ka){KjY \ciXi - C2A2I'' |ar~^ signa. 
Introducing now the vector function F := {F2, Fp), we see that it is continuously 

/dF2 dF2\ 

differentiable on M x (0, 00)^ and the Jacobian matrix I gp ^j? at the point 

\~dir ~at/ 

(a, K, 7) = (0, 1, 1) is . . J , which is nonsingular; here we took (99) into ac- 
count. Moreover, again by (99), F(0, 1, 1) = {B, A). So, by the implicit function 
theorem, there exist a positive real number ao and continuously differentiable 
functions k: (— ao,ao) -^ ^ and 7: (— aoiCto) -^ R such that k{0) = 7(0) = 1 
and F(a, K(a),7(a)) = {B,A) for all a £ (— ao,«o)- For all natural n > l/ao, 
letting now 

K„:=K(i) and 7„ := 7(i), 

one sees that J2i ^ l^j,nP = ^ and J2i ^ l^j.nl^ ~ A, so that 

Z„ :— (Zi_n, . . . , Z„_n) G ■^p;X;A,B- 

Moreover, k„ — !> k(0) = 1 and 7„ -^ 7(0) = 1 (the convergence in this context 
is of course as n — > cx)). So, by (100) and (101), 

Ecxp {itSz„) 

= [1 + «;n(^ (e'^"^^* - 1) + V (e-'^^"^^* - l))]"exp ( - i^nln{ciXl - C2\2)t) 

^exp(Ai (e*^i*-l-icit)+A2(e-'^^*-l+iC2t)) = Eexp {i{ciUx,~C2Ux2)t) 

for all real i, so that 5z„ — > ciIIai — 0211^2 in distribution. Now, by the Fatou 
lemma for the convergence in distribution [2, Theorem 5.3], 



liminf E\X + SzJP ^E\X + cillx, - C2Ux, 



IP 



so that indeed the second supremum in (4) is no less than the third one there, 
RHS,. D 
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